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Abst ract - -Th is  work describes a two-dimensional analytic solution of a nonlinear diffusion equa- 
tion. The interface of this solution is a half line, whose origin is a singular point that advances at 
constant velocity. The regions that lie on both sides of this line are gradually welded behind the 
singular point. (~) 2000 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
This work deals with an analyt ic  solution of the nonl inear diffusion equat ion 
Oh 
cO--t- = V2hm' (1) 
where ~72 denotes the Laplace operator ,  assumed two dimensional here, and m is a real exponent.  
The above equat ion may arise in many interesting problems [1], such as the spreading of viscous 
gravity currents [2], the nonl inear diffusion of a strong thermal  wave [3], the isentropic flow of 
an ideal gas in a homogeneous porous medium [1,4], etc. One of its propert ies is that  for the 
case m > 1, known as the "slow" diffusion case, the solutions admit  interfaces moving with finite 
velocity that  separate regions where h = 0 (void regions) from regions where h > 0 (fluid regions). 
More detai led information about  the propert ies of this equation can be found in [4]. 
In l i terature,  several solutions of this equation for plane and circular symmetr ies can be found. 
However, exact  two-dimensional  solutions are rare [5-8]. Here we report  a part icu lar  exact solu- 
t ion of equat ion (1), which is very simple and that  has an interesting eometry:  the corresponding 
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interface is a half-line, which origin is a singular point that advances at constant velocity, and 
the level curves h = const are all parabolae. 
Usually the interfaces are assumed to be smooth curves, in the sense that they have at least 
a first derivative verywhere. Lacey [9] argued that if a moving interface joins a fixed one, the 
boundary may form an angle. This concept does not contradict he intuitive notion that an 
interface advances in a smooth way, because, in this case, the interface does not advance as a 
whole. Here, we present a concrete xample of a nonsmooth interface, where the void region is 
the line (x = 0, y > Vt),  whose tip advances at constant velocity V. The regions that lie at both 
sides of this line are gradually welded as in a zip (see figures). The knowledge of these solutions 
may be of help in developing more rigorous and general methods for the study of noncircularly 
symmetric (or nonplanar) solutions and their properties. On the other hand, they can be used 
as a benchmark for numerical schemes to solve the diffusion equation (specifically, to test their 
accuracy when the distribution of the contour curvature is strongly nonuniform or singular). 
2. A SEPARABLE SOLUTION IN  POLAR COORDINATES 
Now, we look for a steady solution whose level lines move along the y-axis with velocity V. 
Then, by trying a solution in polar coordinates r = v/x  2 + (y - Y t )  2, 0 = arctan(z/ (y  - Yt ) )  of 
the form 
h m-1 = arf(O) (2) 
in equation (1), we obtain an ordinary differential equation for f(O), 
f f , ,  + 1 ,2 m 1 f2 -V  f ,  m-  - l f  + m-  = ma ( f cos0-  sin0). (3) 
As could be expected, this equation admits the trivial solution corresponding to a straight front 
(with planar symmetry), given by f -- - cos  0 and a = Y(m - 1)/m. 
Another much more interesting solution is 
1 - cos 0 
f(O) : 2 ' (4) 
with 
2Vm-  1 
a-  
mm+l  
The corresponding complete solution is, then, 
(Vm-1  )1/(m-1)  
h = m ~ r (1 - cos 0) (5) 
In rectangular coordinates, this solution takes the form 
m-+ x2 + (y - Vt)2 - (y - Vt)  (6) 
The fluid fills the whole plane on both sides of the positive y-axis and the void region reduces to 
the line (x = 0, y > Vt),  ending at x -- 0, y = Vt  (the tip). This singular point moves upwards 
with velocity V, so that the sides of the void region close like a "zip" (see Figure 1). The curves 
of constant h are given by 
r (1 - cos0) = p = const, (7) 
and are confocal parabolae of focal length p/2 with common focus coincident with the apex (see 
Figure 2). 
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Figure 1. P icture of  the solut ion h(x, y, t = 0), for V = 1. The  bot tom of  the val ley 
is the void region, where h = 0. The apex advances at finite velocity and joins the 
two regions at both sides of the x-axis. 
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Figure 2. Contour  lines of  the "z ipper" solut ion at t = 0. The  void region is the l ine 
x=0,  y > Y(0) =0.  
Note that this solution is self-similar, since it may be written in terms of the self-similar 
variables x/Vt and y/Vt, 
It is important o mention that the solution equation (6) is regular enough to be a weak solution 
of equation (1) in the sense of [10], and in particular, that h m-1 is Lipschitz continuous. 
3. DERIVAT ION WITH PARABOLIC  COORDINATES 
This solution may also be derived by using a reduction discovered by Ivantsov [7,11]. Consid- 
ering the more general problem 
Oh = V2¢(h)  ' (9) 
8t 
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writing z = y - V t  and introducing parabolic oordinates 
one has 
Taking h = h(~) leads to 
z = (¢  - 2 ' x = ~,  (10) 
-V  (~h¢ - ~h,) = (¢(h))¢¢ + (¢(h))vv. (11) 
V~h,  = (¢(h))~. (12) 
In this paper, we consider the case ¢(h) = h m. It is easy to check that the solution equation (6) 
may be written as 
m ~ 1 ?~2/(m-1) (13) 
and that equation (12) is satisfied. Ivantsov considered such reductions for the heat equation 
in [11]. 
4. INTERPRETAT ION OF  THE SOLUTION 
It is easy to show that, for x << y - Vt and y > Vt (i.e., near the interface), this solution has 
the asymptotic form 
h(x; y, t) m-1 ..~ V(m - 1) x 2 
2m(m + 1) (y - Vt)" (14) 
Now, remember that there is a very well-known solution of the diffusion equation (the waiting- 
time solution [12], see also [10] and references therein) given by 
V(m - 1) x 2 
h(x ' t )m-1  - 2m(m + 1) const - Vt '  (15) 
which has an interface that does not move in the x direction, and that blows up when the 
denominator is zero. So, if y is considered constant in equation (14), this expression approaches 
a one-dimensional waiting-time solution of variable thickness along the y-axis. The moving tip 
of the interface coincides with the point y where the waiting-time fronts collapse. 
We note the following. 
(i) The velocity field 
m Vhm_l ,  (16) 
v(x ,  y) = - m--Y i -  1 
where V is the gradient operator, may be associated with several models leading to the 
diffusion equation. The velocity in the r direction is vr = -V(1  - cos(0))/(m + 1) and the 
velocity in the 0 direction is ve = -Vs in (O) / (m + 1). As the velocity is only a function 
of 0, it is finite at r --* oc. It is interesting to note that behind the tip (0 -- lr), the fluid 
velocity in the r direction is vr = -2V/ (m + 1), which for m > 1, is smaller in magnitude 
than the velocity V of the tip. In other words, the interface is "sucked" at the tip, in the 
sense that material elements of the contour are advected to the interior of the fluid region 
with a relative velocity 
~r =vm-1  
m + 1 
(ii) By proposing a three-dimensional solution of the form 
h(x ,y ,z , t )m- l  = A (~/x2  + y2 + (z - Vt)2 - (z - V t ) )  , (18) 
we find that it is indeed another exact solution provided A = V(m-  1)/2m 2. This solution 
represents a void line along the z-axis which extreme advances at velocity V. 
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